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the largely damped modes around the Schwarzschild black hole.
PACS numbers: 04.70.Dy, 04.70.Bw, 04.30.Nk, 04.70.-s
Keywords: Hidden conformal symmetry, Quasinormal modes, Black Holes
aywkim65@gmail.com
bysmyung@inje.ac.kr
cyjpark@sogang.ac.kr
1 Introduction
Recently, it was shown that an SL(2,R) hidden conformal symmetry [1] could
be realized in a scalar wave equation around the Schwarzschild black hole
when taking the near-region and low-energy limits [2]. We refer to the ge-
ometry modified in this way as the subtracted geometry which shows that
it has the same near-horizon properties as the original Schwarzschild black
hole, but different asymptotes at infinity [3]. Actually, it does not have an
asymptotically flat spacetime implied by the Schwarzschild black hole but it
has an asymptotically anti-de Sitter (AdS) spacetime.
Importantly, it was claimed that a hidden conformal symmetry has been
used to derive purely imaginary quasinormal frequencies (QNFs) by using the
operator method. However, we wish to clarify that the Rindler space is the
truly near-horizon geometry of the Schwarzschild black hole, while the near-
region and low-energy limits of the wave equation around the Schwarzschild
spacetime corresponds to the wave equation around the AdS segment of
the AdS2 × S
2, which is inspired by the near-extremal Reissner-Nordstro¨m
(RN) black hole [4]. Here the near-horizon geometry (region) means r ≈
r+, while both the near-region (ωr ≪ 1) and the low-energy limit (ωr+ ≪
1) [5] are necessary to develop a hidden conformal symmetry in a scalar
wave equation. The AdS segment shrinks to the Rindler space for the non-
extremal Schwarzschild black hole, whereas it grows to the AdS space for the
near-extremal RN black hole.
On the other hand, it seems difficult to derive QNFs of a scalar propagat-
ing on the Schwarzschild black hole by using a hidden conformal symmetry
solely. As is well known, quasinormal modes will be determined by solving
a scalar wave equation around the Schwarzschild black hole as well as im-
posing the boundary conditions: ingoing waves at the horizon and outgoing
waves at infinity. We stress that any restriction on the frequency ω is not
allowed for deriving quasinormal modes. Purely imaginary QNFs were found
by employing the operator method developed in the subtracted geometry [3].
In this case, the ingoing waves at the horizon were guaranteed, but quasi-
normal modes do not satisfy the outgoing wave-boundary condition because
these modes were developed using the near-region and low-energy limits [2]
where the frequency ω should satisfy inequalities of ω ≪ 1/r and ω ≪ 1/r+.
Furthermore, it was suggested that purely imaginary QNFs (ωn) in Eq. (37)
yield the correct leading behavior of ω in Eq. (38) for large damping with
large overtone number n. However, we observe from Eq. (37) that the impor-
tant differences are the absence of real part, the non-large overtone number
n, and the appearance of angular momentum number l in the imaginary part.
In view of these, purely imaginary QNFs may not be acceptable as QNFs
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describing a scalar perturbation around the Schwarzschild black hole because
the outgoing boundary condition is not imposed at infinity.
A promising case was found in the RN black hole. We have derived the
purely imaginary QNFs of the RN black hole by making use of a hidden
conformal symmetry developed in the near-region and low-energy limits of
the scalar equation [6]. We are aware that the operator approach has a
limitation because the ω-dependent potential is approximated by a single
term of a hidden conformal symmetry potential. This means that developing
a hidden conformal symmetry in the near-horizon region means neglecting the
large r > r+ behavior of the potential in the whole RN black hole spacetime
and thus, leading to the subtracted geometry. Fortunately, it was known that
purely imaginary QNFs could be also obtained from a scalar perturbation
around the near-extremal RN black hole without any modifications [7]. This
implies that the subtracted geometry [=near-extremal RN black hole] is the
solution to the original Einstein-Maxwell theory which provides the RN black
hole.
It is worth noting that both the near-horizon and asymptotic geometries
(whole information) are necessary to derive QNFs, even though the entropy
counting for a black hole may require the near-horizon geometry only [3, 8]. In
fact, it shows different utilities of the hidden conformal symmetry in deriving
between QNFs and entropy. Hence we propose that if one obtains QNFs
(purely imaginary QNFs) using the hidden conformal symmetry based on
the subtracted geometry, one has to find the corresponding black hole (near-
extremal RN black hole) where the same QNFs will be found by solving the
scalar equation as well as imposing two boundary conditions without taking
any limits.
One counter example is the Schwarzschild black hole. In this case, the
subtracted geometry [=near-extremal RN black hole] is not the solution to
the original Einstein theory which provides the Schwarzschild black hole. We
would like to stress that the Rindler spacetime is the near-horizon solution
to the Einstein theory which gives us the Schwarzschild black hole.
In this work, we will show that purely imaginary QNFs obtained using a
hidden conformal symmetry are not suitable for describing largely damped
modes around the Schwarzschild black hole.
2
2 Hidden conformal symmetry in the sub-
tracted geometry
Let us begin with the Schwarzschild metric given by
ds2Sch = −f(r)dt
2 +
dr2
f(r)
+ r2dΩ22, (1)
where f(r) = 1 − r+/r with r+ = 2M . Here, M is the ADM mass and the
surface gravity is
κ =
1
4M
= 2piTH (2)
with the Hawking temperature TH .
The Klein-Gordon equation for a massless scalar is given by
¯SchΦ = 0. (3)
Expanding in eigenmodes of
Φ(t, r, θ, φ) = e−iωt
R(r)
r
Y lm(θ, φ) , (4)
and using the tortoise coordinate defined by
r∗ =
∫
dr
f(r)
= r + r+ ln
(
r
r+
− 1
)
, (5)
the radial part of Eq. (3) becomes the Schro¨dinger-type equation
d2
dr2
∗
R(r) +
[
ω2 − VSch(r)
]
R(r) = 0, (6)
where the potential is given by
VSch(r) = f(r)
[ l(l + 1)
r2
+
2M
r3
]
. (7)
On the other hand, the approximated Klein-Gordon equation could be
expressed in terms of the eigenvalue equation [2]
H2Φ =
(
r2f(r)∂2r + 2(r −M)∂r −
16M4
r2f(r)
∂2t
)
Φ
= l(l + 1)Φ (8)
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which is designed for describing a scalar propagating on the Schwarzschild
spacetime in the near-region and low-energy limits. Note that the SL(2,R)
Casimir operator H2 is given by
H2 = −H20 +
1
2
(
H1H−1 +H−1H1
)
, (9)
where three operators
H±1 = ±ie
±t/4M
(
∆1/2∂r ∓ 4M(r −M)∆
−1/2∂t
)
,
H0 = −4iM∂t with ∆ = r
2f(r) (10)
obey the SL(2,R) commutation relations:[
H0, H±1
]
= ∓iH±1,
[
H1, H−1
]
= 2iH0. (11)
In order to investigate what happens when the near-region and low-energy
limits are taken into account, we rewrite the approximated Klein-Gordon
equation (8) by using the tortoise coordinate r∗ as
d2
dr2
∗
R(r) +
[
ω2 − Vω(r)
]
R(r) = 0, (12)
where the ω-dependent potential
Vω(r) = ω
2
(
1−
r4+
r4
)
+ VSch(r) (13)
has an additional term to the original potential VSch(r). Since the potential
VSch(r) contains all information for the Schwarzschild black hole spacetime
where a scalar propagates on, the appearance of ω2-dependent term is un-
usual and thus, it reflects the near-region and low-energy limits. We observe
that the ω2-dependent term arises from when replacing five terms in ω2r4/∆
with a single term ω2r4+/∆ [2], which is regarded as a key step to develop the
hidden conformal symmetry in the Schwarzschild spacetime. This replace-
ment is done when taking the near-region limit (ωr ≪ 1) and low-energy limit
(ωr+ ≪ 1). If one does not take these limits, the r+ in the ω
2-dependent term
goes back to r and thus, the ω2-dependent term disappears. This implies that
Vω(r) leads to VSch(r) for r → r+. In Fig. 1, we depict the four potentials
which consist of VSch(r) and three Vω(r) for ω = 0.1, 0.2, 0.3. The figure
shows that in the near-horizon limit (r → r+ = 2), all the potentials have the
nearly same form, irrespective of ω2 but for r > r+, they have different forms
depending on ω2. Hence, we observe that for r ≈ r+, Vω(r) ≈ VSch(r) for any
4
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Figure 1: Different potentials for M = l = 1 in the Schwarzschild coordinate
r. The bottom curve depicts the Schwarzschild potential VSch(r), while three
others are the ω-dependent potential Vω(r) for ω=0.3, 0.2, and 0.1 from top
to bottom. For large r, one observes that VSch(r) ∼ 0, while Vω(r) ∼ ω
2.
ω. When ω approaches zero, Vω(r) recovers the original potential VSch(r).
However, it is worth noting that the near-horizon region of r ≈ r+ is not
enough to derive the quasinormal modes because two boundary conditions
are required. Definitely, one observes a difference between VSch(r) ∼ 0 and
Vω(r) ∼ ω
2 for large r.
In order to describe the near-horizon region well, it is convenient to in-
troduce a new coordinate defined by
ρ ≡ −
1
2κ
ln
[
1−
r+
r
]
. (14)
In terms of ρ, the event horizon r+ is mapped into ρ→∞, while the spatial
infinity r → ∞ into ρ→ 0: r ∈ [r+,∞] is inversely mapped into ρ ∈ [∞, 0].
Using the coordinate (14), the Schwarzschild metric becomes
ds2ρ = −f˜ (ρ)dt
2 + f˜−1(ρ)
(
r+
2 sinh(κρ)
)2 [(
κ
sinh(κρ)
)2
dρ2 + dΩ2
]
(15)
with
f˜(ρ) = e−2κρ. (16)
Then, making use of the ansatz
Φ(t, ρ, θ, φ) = e−iωtR(ρ)Y lm(θ, φ) , (17)
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the massless scalar propagating in the spacetime (15) satisfies
(sinh(κρ)
κ
)2 d2
dρ2
R(ρ) +
[
ω2
f˜ 2(ρ)
( r+
2 sinh(κρ)
)2
− l(l + 1)
]
R(ρ) = 0. (18)
This can be rewritten as the Schro¨dinger-type equation
d2
dρ2
R(ρ) +
[
ω2 − V˜ω(ρ)
]
R(ρ) = 0. (19)
Here the ω-dependent potential is given by
V˜ω(ρ) = ω
2
[
1−
1
16f˜ 2(ρ) sinh4(κρ)
]
+
l(l + 1)κ2
sinh2(κρ)
. (20)
We note a useful relation between r and ρ(r+
r
)4
= 16f˜ 2(ρ) sinh4(κρ). (21)
In the limits of the near-region (ρ→∞) and low-energy (ω → 0), the square
bracket in (20) is approximated to be zero as
ω2
[
1−
1
16f˜ 2(ρ) sinh4(κρ)
]
∼
ω2
sinh2(κρ)
∼ 0. (22)
Thus, in these limits, the ω-dependent potential V˜ω (20) reduces to a single
term
VHCS(ρ) =
l(l + 1)κ2
sinh2(κρ)
. (23)
We note that this potential is not the original potential V˜ω. This is just
an approximated potential to explore the hidden conformal symmetry in
the near-horizon region of the Schwarzschild spacetime. Hence, we have the
subtracted geometry when using VHCS instead of V˜ω. Its near-horizon and
asymptotic forms take VHCS(ρ → ∞) ∼ e
−2κρ and VHCS(ρ → 0) ∼
1
ρ2
, which
show that VHCS(ρ) is similar to the potential of a scalar field around the AdS-
black hole. This suggests that its asymptote is changed from a flat spacetime
implied by the Schwarzschild black hole to an AdS spacetime.
In order to exhibit the hidden conformal structure, we construct three
vectors defined as
H1/−1 =
i
κ
e±κt
[
cosh(κρ)∂t ± sinh(κρ)∂ρ
]
,
H0 = −
i
κ
∂t, (24)
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which satisfy the SL(2,R) algebra (11). Then, the SL(2,R) Casimir operator
is given by
H2 = −
[sinh(κρ)
κ
]2
∂2t +
[sinh(κρ)
κ
]2
∂2ρ . (25)
As a result, the Schro¨dinger equation (19) with VHCS(ρ) in Eq. (23) instead
of V˜ω(ρ) is equivalent to the eigenvalue equation
H2Φ = l(l + 1)Φ. (26)
Now, one may use the hidden conformal symmetry to derive QNFs of the
Schwarzschild black hole represented by the subtracted geometry. We start
with the primary state given by
H0Φ
(0) = ihΦ(0) (27)
which satisfies the highest weight condition
H1Φ
(0) = 0. (28)
Then, using the ansatz
Φ(0) = e−iω0tR(0)(ρ)Y lm(θ, φ), (29)
one has a conformal weight
h = i
ω0
κ
= i
ω0
2piTH
. (30)
On the other hand, the SL(2,R) Casimir operator satisfies
H2Φ(0) = h(h+ 1)Φ(0). (31)
Comparing Eq. (31) with Eq. (26), one has
h =
1
2
[1± (2l + 1)], (32)
and thus, one finds
ω0 = −i
κ
2
[1± (2l + 1)]. (33)
Since the QNFs are purely imaginary ωI > 0 (ω = ωR − iωI) with ωR = 0,
we choose the upper sign as
ω0 = −iκ(l + 1). (34)
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All the descendants can be constructed by acting the operator H−1 on Φ
(0)
Φ(n) = (−iH−1)
nΦ(0) (35)
so that we have
Φ(n) = e−iωntR(n)(ρ)Y lm(θ, φ). (36)
Here the QNFs could be read off as
ωn = ω0 − iκn = −iκ
[
n + l + 1
]
, n ∈ Z+ (37)
which are purely imaginary.
On the other hand, numerical computations of the QNFs for the Schwarzschild
black hole in the limit of large damping is given by [9, 10]
ω = (1.098612 · · · )TH − i2piTH
(
n+
1
2
)
, (38)
where the real part approaches a constant of ln(3) [11], while the imaginary
part becomes equally spaced with large n (ωI ≫ 1). Comparing (37) with
the highly damped frequencies (38), one may see apparently that the leading
behavior of i2piTHn for large damping comes out correctly. However, we
observed from (38) that the important differences are the absence of real
part, the non-large n, and the appearance of l in the imaginary part. These
show that the QNFs ωn are not suitable for describing the scalar perturbation
absorbing into the black hole.
Moreover, the n-th radial eigenfunction R(n)(ρ) is constructed as
R(n)(ρ) = (κ)−n
(
−iωn−1 cosh (κρ)− sinh (κρ)
d
dρ
)
×
(
−iωn−2 cosh (κρ)− sinh (κρ)
d
dρ
)
· · · ×
(
−iω0 cosh (κρ)− sinh (κρ)
d
dρ
)
R(0)(ρ), (39)
which may be regarded as the n-th radial quasinormal modes. We note that
Φ(n) forms a principally discrete highest weight representation of the SL(2,R)
H0Φ
(n) = i(h+ n)Φ(n). (40)
On the other hand, the highest weight condition (28) provides the radial
solution
R(0)(ρ) = C
[
sinh (κρ)
]iω0
κ
. (41)
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Near the horizon of ρ→∞ (r∗ → −∞), the solution (41) behaves as
R(0)(ρ) ∼ eiω0ρ, (42)
showing that this is the outgoing mode (→) into the horizon which is equiv-
alent to the ingoing mode (←) at the horizon when using the tortoise coor-
dinate r∗ in Eq. (5). We observe that R
(0)(0) ∼ 0, which may show that it
is not the outgoing wave at infinity but it satisfies the Dirichlet boundary
condition at the infinity of AdS spacetime.
Furthermore, the first radial eigenfunction R(1)(ρ) can be explicitly con-
structed as
R(1)(ρ) =


−2iCω0 cosh(κρ)
[
sinh (κρ)
]iω0
κ
∼ 0 as ρ→ 0,
−2iCω0 coth(κρ)
[
sinh (κρ)
]iω1
κ
∼ eiω1ρ as ρ→∞,
(43)
which show that at infinity R(1)(ρ) satisfies the Dirichlet boundary condition,
while near the horizon R(1)(ρ) remains to be the outgoing mode. One can
easily show that the n-th radial eigenfunction R(n)(ρ) behaves as the same
way as R(1)(ρ) by induction.
In order to obtain the truly QNFs, we have to impose the two boundary
conditions: outgoing mode near the horizon (ρ → ∞) and ingoing mode
at infinity (ρ → 0). However, we point out that R(n)(ρ) do not satisfy the
ingoing boundary condition at infinity because they are the solutions which
were obtained by considering the subtracted geometry. Curiously, we observe
that R(n)(ρ) ∼ 0 as ρ → 0, which implies that in this framework, one could
not impose the ingoing boundary condition at infinity. In this sense, we
could not regard (37) as the truly QNFs which describe the largely damped
modes around the Schwarzschild black hole because we have considered the
subtracted geometry.
3 QNFs of scalar around AdS-segment
In this section, we show explicitly that the approximated potential (23) comes
from the AdS2-segment inspired by the fact that AdS2 × S
2 is the near-
extremal RN black hole, but not from the Rindler space which is the genuine
near-horizon geometry of the Schwarzschild spacetime. This implies that
we will no longer use the subtracted geometry to derive the QNFs of scalar
around the Schwarzschild black hole.
First of all, we mention that the near-horizon geometry of the Schwarzschild
spacetime is a product of the Rindler space and a two sphere S2. This can
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be easily realized when using the coordinate transformations
tˆ =
t
2r+
, r = r+
(
1 +
η2
4
)
. (44)
The Schwarzschild spacetime (1) is turned out to be the Rindler spacetime
ds2RS = r
2
+
(
− η2dtˆ2 + dη2 + dΩ22
)
(45)
in the near-horizon region. Note that it is impossible to develop a hidden
conformal symmetry in the Rindler spacetime as will be shown in the next
section.
For reference, we introduce the RN spacetime described by
ds2RN = −f(r)dt
2 + f−1(r)dr2 + r2dθ2 + r2dΩ22, (46)
where the metric function with mass M and charge Q is given by
f(r) = 1−
2M
r
+
Q2
r2
. (47)
The inner (r−) and the outer (r+) horizons are obtained as
r± = M ±
√
M2 −Q2 ≡M ± r0, (48)
which satisfy f(r±) = 0. We note that r0 is a non-extremal parameter, but
a very small r0 ≪ M(∼ Q) corresponds to the near-extremal RN black hole.
Also, we have an extremal RN black hole for r0 = 0.
On the other hand, the AdS2-segment [4, 12] is introduced to be
ds2AdS = Q
2
(
− sinh2η dtˆ2 +
cosh2η
sinh2η + r20
dη2 + dΩ22
)
, (49)
which describes the near-extremal RN black hole. We note here that for
r0 = 1 [4], (49) reduces to the near-horizon geometry (AdS2 × S
2, Bertotti-
Robinson spacetime) of the extremal RN black hole [13, 14]
ds2ERN = Q
2
(
− sinh2η dtˆ2 + dη2 + dΩ22
)
, (50)
which is a solution to the Einstein-Maxwell theory. In this extremal case, its
Hawking temperature is zero and its QNFs are not defined properly [7]. The
spacetime is described by Ricci scalars
RAdS2 = −
2
Q2
, RS2 =
2
Q2
, R = RAdS2 +RS2 = 0. (51)
10
It is clear that (50) could not describe the near-extremal RN black hole
because it contains only Q when comparing to (49) with two parameters Q
and r0.
We are interested in obtaining QNFs of scalar around the black hole with
non-zero Hawking temperature. Hence, we require r0 6= 1. In fact, in the
limit of η → 0 together with r0 = 1 and Q = r+, (49) reduces to the Rindler
metric (45). In order to make a further connection to the near-extremal RN
black hole, we introduce the coordinate transformations
sinh2η = ρ˜2 − r20, tˆ =
t
Q2
. (52)
Then, one can obtain the near-extremal RN black hole with r0 = (r+ −
r−)/2≪ 1
ds2NERN = −
ρ˜2 − r20
Q2
dt2 +
Q2
ρ˜2 − r20
dρ2 +Q2dΩ22 (53)
from the metric (49). Here ρ˜ ∈ [r0,∞]. For this near-extremal RN black
hole, the surface gravity is computed to be
κ˜ =
r0
Q2
. (54)
Introducing the tortoise coordinate defined by
ρ∗ =
1
2κ˜
ln
(
ρ˜+ r0
ρ˜− r0
)
, ρ∗ ∈ [∞, 0], (55)
the Klein-Gordon equation for the radial coordinate becomes the Schro¨dinger-
type equation
d2
dρ2
∗
R(ρ∗) +
[
ω2 − VNERN(ρ∗)
]
R(ρ∗) = 0, (56)
where the near-extremal RN potential is given by
VNERN(ρ∗) =
l(l + 1)κ˜2
sinh2(κ˜ρ∗)
. (57)
This becomes the same form of VHCS(ρ) in Eq. (23) when replacing κ˜ and
ρ∗ by κ and ρ. An important fact to point out is that the near-extremal
RN potential is valid for whole spacetimes outside the horizon because we
consider the near-extremal RN black hole itself.
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Next, in order to exhibit a hidden conformal structure of the spacetime
(53), we construct three vectors as
Hˆ1/−1 =
i
κ˜
e±κ˜t
( ρ˜
(ρ˜2 − r20)
1/2
∂t ∓ κ˜(ρ˜
2 − r20)
1/2∂ρ˜
)
,
Hˆ0 = −
i
κ˜
∂t (58)
satisfying the SL(2,R) algebra (11). Then, the SL(2,R) Casimir operator is
given by
Hˆ2 =
[
(ρ˜2 − r20)
1/2∂2ρ˜ + 2ρ˜∂ρ˜ −
Q4
(ρ˜2 − r20)
∂2t
]
. (59)
As a result, the radial equation can be rewritten as the eigenvalue equation
Hˆ2Φ = l(l + 1)Φ, (60)
which is valid for whole space of ρ˜ ∈ [r0,∞]. Here, using the hidden conformal
symmetry (58) as before, we can easily find the QNFs as
ωn = ω0 − iκ˜n = −iκ˜
[
n + l + 1
]
(61)
with different surface gravity κ˜ in (54).
At this stage, we wish to point out that purely imaginary QNFs (61) exist
as quasinormal frequencies around the near-extremal RN black hole whose
geometry is AdS2 × S
2 in (53), but not asymptotically flat spacetime in
(46). While (61) is the same with the result (37), these based on the hidden
conformal symmetry are different from the known results due to different
boundary conditions: numerical computations for the QNFs for the RN black
hole in the extremal limit have shown that there is the non-vanishing real
part [15]. On the other hand, in the limit of large damping (ωI ≫ 1), the
extremal RN black hole has vanishing real part [16]. Any derivation from
the extremal RN black hole provides again non-zero real part for ωI ≫ 1.
In particular, both were obtained under the boundary conditions: ingoing
mode at horizon and outgoing mode at infinity (see the review article [17], in
detail). In this respect, our pure imaginary QNFs (61) to near-extremal RN
black hole are not appropriate as a solution that satisfies asymptotically flat
boundary condition, but appropriate as a solution that satisfies the Dirichlet
boundary condition at the spatial infinity.
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The n-th radial eigenfunction R(n)(ρ˜) is now obtained as
R(n)(ρ˜) = κ˜−n
(
−
iωn−1ρ˜
(ρ˜2 − r20)
1/2
+ κ˜(ρ˜2 − r20)
1/2 d
dρ˜
)
×(
−
iωn−2ρ˜
(ρ˜2 − r20)
1/2
+ κ˜(ρ˜2 − r20)
1/2 d
dρ˜
)
× · · ·(
−
iω0ρ˜
(ρ˜2 − r20)
1/2
+ κ˜(ρ˜2 − r20)
1/2 d
dρ˜
)
R(0)(ρ˜). (62)
On the other hand, by solving the highest weight condition
Hˆ1Φ
(0) = 0, (63)
we have
R(0)(ρ˜) = D
(
ρ˜2 − r20
)− iω0
2κ˜
. (64)
In terms of ρ∗, it can be expressed as
R(0)(ρ∗) = D
[
sinh(κ˜ρ∗)
]iω0
κ˜
. (65)
Near the horizon of ρ∗ →∞ (ρ˜→ r0), it behaves as
R(0)(ρ∗) ∼ e
iω0ρ∗ , (66)
which is the outgoing mode (→) into the horizon. At infinity (ρ∗ → 0, ρ˜→
∞), we observe that
R(0)(ρ∗) ∼ 0, (67)
which satisfies the Dirichlet boundary condition at the spatial infinity of the
AdS2 spacetime.
Furthermore, the first radial eigenfunction R(1)(ρ˜) can be explicitly con-
structed as
R(1)(ρ˜) = −
2iDω0ρ˜
κ˜
(
ρ˜2 − r20
)− iω0+κ˜
2κ˜
. (68)
Expressing it in terms of ρ∗ and then, checking the boundary conditions at
both sides leads to
R(1)(ρ∗) =


−2iDω0 cosh(κ˜ρ∗)
[
sinh (κ˜ρ∗)
]iω0
κ˜
∼ 0 as ρ∗ → 0,
−2iDω0 coth(κ˜ρ∗)
[
sinh (κ˜ρ∗)
]iω1
κ˜
∼ eiω1ρ∗ as ρ∗ →∞.
(69)
It shows that at infinity R(1)(ρ∗) satisfies the Dirichlet boundary condition,
while near the horizon, R(1)(ρ∗) remains to be the outgoing mode. One can
easily show that the n-th radial eigenfunction R(n)(ρ∗) satisfies the same
AdS-boundary condition as R(1)(ρ∗) by induction.
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4 QNFs in the Rindler spacetime
First of all, we investigate the boundary conditions for QNFs in the Rindler
spacetime. For that purpose, let us introduce the tortoise coordinate
u = −
1
κ
ln η, (70)
which maps η ∈ [0,∞] inversely into u ∈ [∞, 0]. The Schro¨dinger-type
equation can be written as
d2
du2
R +
[
ω2 − VRS(u)
]
R = 0. (71)
Here the Rindler potential is given by
VRS(u) = l(l + 1)κ
2e−2κu, (72)
which is not the form of the potential VHCS(ρ) in Eq. (23) when replacing
u by ρ. Near the horizon (u → ∞), the Rindler potential shows the same
behavior as VAdS(ρ), while it shows different behavior at infinity (u → 0).
Thus, for quasinormal mode-boundary condition, one requires an outgoing
mode as R(u) ∼ eiωu (ingoing mode R(η) ∼ e−iωη in terms of η) near the
horizon. Since the potential height is finite as l(l + 1)κ2 at infinity (u→ 0),
one may require the ingoing mode (outgoing mode expressed in terms of η).
However, it turned out that there is no QNFs in the Rindler spacetime
satisfying such QNFs boundary conditions [18] because the modes satisfying
near horizon boundary condition fail to fulfill the boundary condition at
infinity at the same time.
Moreover, for the Rindler spacetime which is the genuine near-horizon
limit of the Schwarzschild black hole spacetime, the SL(2,R) algebra is not
closed. Explicitly, three vectors obtained from Eq. (58) in the small η limit
as
H ′1/−1 = −ie
±tˆ
(1
η
∂ˆt ∓ ∂η
)
, H ′0 = −i∂ˆt (73)
give the following commutation relation
[H ′0, H
′
±1] = ∓iH
′
±1, [H
′
1, H
′
−1] = 0, (74)
whose last term does not satisfy the SL(2,R) algebra (11).
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5 Conclusion
We have shown that the near-horizon limit of the Schwarzschild black hole is
the Rindler spacetime but not the near-region and low-energy limits of the
Schwarzschild black hole known as the subtracted geometry. It was shown
that the hidden conformal symmetry is developed for the subtracted geometry
only, but the subtracted geometry is not sufficient to derive the QNFs.
The purely imaginary QNFs (37) developed on the subtracted geometry
without imposing outgoing boundary condition at infinity have also been
obtained as (61) from the quasinormal modes which satisfy two boundary
conditions of AdS2 spacetime: ingoing mode at the horizon and Dirichlet
boundary condition at infinity. The latter boundary condition is designed
for the near-extremal RN black hole and thus, is sharply contrasted to the
outgoing mode-boundary condition imposed at asymptotically flat spacetime
of the Schwarzschild (RN) black hole.
Hence, purely imaginary QNFs obtained from the subtracted geometry
could not describe the largely damped modes of scalar perturbation around
the Schwarzschild black hole. When comparing (37) with (38), we have ob-
served that the important differences are the absence of real part, the non-
large overtone number n, and the appearance of angular momentum number l
in the imaginary part. This shows clearly that the QNFs ωn (37) are not suit-
able for describing the scalar perturbation absorbing into the Schwarzschild
black hole with temperature TH = 1/8piM . The purely imaginary QNFs ωn
is suitable for the scalar absorbing into the near-extremal RN black hole with
temperature T˜H = r0/2piQ
2.
Finally, we wish to comment on the disappearance of real part (ωR = 0)
of QNFs in the hidden conformal symmetry approximation of RN black hole
(=near-extremal RN black hole). Numerical computations of the QNFs for
the extremal RN black hole have shown that there is the non-vanishing real
part [15]. However, in the limit of large damping (ωI ≫ 1), the extremal RN
black hole has vanishing real part [16]. Any derivation from the extremal
RN black hole provides again non-zero real part for ωI ≫ 1. We stress here
that both were obtained under the boundary conditions: ingoing mode at
horizon and outgoing mode at infinity [17]. However, our pure imaginary
QNFs (61) have been obtained based on boundary conditions: ingoing mode
at horizon and the Dirichlet boundary condition at the spatial infinity. Thus,
the difference arises from the different asymptotic geometry: our asymptotic
spacetime of AdS2 × S
2 is the near-horizon geometry of near-extremal RN
black hole, while the full geometry of near-extremal RN black hole is asymp-
totically flat. This difference between near-horizon geometry and the full
geometry makes a big difference in the spectrum of QNFs because this gave
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arise to different boundary condition at infinity.
Hence, it is fair to say that even for the near-extremal RN black hole, its
hidden conformal symmetry approximation (=its near-horizon approxima-
tion) could not capture the QNFs of the full geometry of the near-extremal
RN black hole.
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